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Abstract. Let I be an m-primary ideal of a Noetherian local ring 
(R, m) of positive dimension. The coefficient ei(T) of the Hilbert poly- 
nomial of an J-admissible filtration X is called the Chern number of X. 
A formula for the Chern number has been derived involving Euler char- 
acteristic of subcomplexes of a Koszul complex. Specific formulas for 
the Chern number have been given in local rings of dimension at most 
two. These have been used to provide new and unified proofs of several 
results about ei(X). 



Introduction 

Let (i?, m) be a Noetherian local ring of dimension d and let I be an m- 
primary ideal. A sequence of ideals X = {I n } n ^z is called an /-admissible 
filtration if there exists afcsN such that for all n, m 6 Z, 

In+l Q In, Imln ^ In+m and I n C I n C I n ~ . 

The Rees algebra TZ(I) and the associated graded ring G(I) of the filtration 
I are defined as 

11(1) =0// G(l) = VW 

nGZ n>0 

For the J-adic filtration X = {I n }, we put K(l) = H{I) and G(T) = G(J). 
Note that 1 is an /-admissible filtration if and only if TZ(Z) is a finitely 
generated 7£(/)-module. Rees [TO] proved that the integral closure filtration 
{/"} is an /-admissible filtration if and only if R is analytically unramified. 
Marley [9] showed that if I is an /-admissible filtration then the Hilbert 
function i/r(n) = X(R/I n ), where A denotes length as -R-module, coincides 
with a polynomial Pi(x) € Q[x] of degree d for large n. This polynomial is 
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written as 
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P x (x) = e (X)i^ d J-ei(I)( d _ x j + ■ ■ ■ + (-l) d e d (X) 

and it is called the Hilbert polynomial of the /-admissible filtration X and 
the uniquely determined integers e$(X) for i = 0, . . . , d are called the Hilbert 
coefficients of X. The coefficient e\{X) is called the Chern number as- 
sociated with X. A reduction of an /-admissible filtration X = {I n } n ^z is 
an ideal J C I\ such that JI n = 7 n +i for all large n. Equivalently, J C Ii 
is a reduction of X if and only if R(X) is a finite R( J)-module. A minimal 
reduction of X is a reduction of X minimal with respect to containment. 
Recall that minimal reductions of admissible filtration always exists and 
generated by d elements if R/m is infinite. In this paper we assume that 
R/m is infinite. 

The Chern number has traditionally been studied in Cohen-Macaulay 
local rings. The recent solutions by Goto et al [21 EJ Hj of conjectures of Vas- 
concelos [13] for the Chern numbers of parameter ideals and integral closure 
nitrations require their understanding in arbitrary local rings. Therefore it 
is useful to have versions of important formulas for the Chern numbers in 
general. We have chosen to find a general version of Huneke's fundamental 
lemma [7] for this purpose. This lemma has played a crucial role in various 
studies of Hilbert polynomial. This version expresses the Chern number in 
terms of Euler characteristics of a family of subcomplexes of the Koszul com- 
plex. Unexpectedly, we are able to apply this formula in dimension one to 
derive unified and simpler proofs of several results about Hilbert polynomial 
in one-dimensional local rings. 

The paper is organized as follows. In the first section we establish a 
formula for the Chern number in any dimension involving the Euler char- 
acteristic of subcomplexes of a Koszul complex. In the second section we 
derive concrete versions of this formula in dimension one and provide unified 
proofs of results of Rees, Sally, Lipman and Huneke. In the third section we 
unify several results for the Chern number in local rings of dimension two. 
Huenke's fundamental lemma is deduced as a consequence. 
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1. A Formula for the Chern Number e\(T) 

In this section we give a formula for the Chern number of an /-admissible 
filtration in terms of the Euler Characteristics of subcomplexes of a Koszul 
complex. Let (i?,m) be a d-dimensional local ring and / be an m-primary 
ideal. Let {I n } nt =z be an /-admissible filtration. Let x = x\, . . . , xj G I be 
a minimal reduction of X. In order to prove the main theorem we define for 
n € Z the complex K ^ (x, X) which is a sub-complex of the Koszul complex 
given by 

— ► L n _ d — > (/ re _ d+ l)(?) — > ► (/n-l)^ — > /„ — > 0. 

The Euler characteristic of i"T( n )(x, X) is defined as 

d 

X (K(")(x,I)) = ^(-^(^(^(x, J))). 

i=0 

For a numerical function / : Z — > Z we put (A/)(n) = /(n) — /(n — 1). 

Theorem 1.1. Zei (R, m) 6e a d- dimensional local ring. Let I be an m- 
primary ideal and X = {I n }neZ be an I-admissible filtration. Let x = 
(xi, . . . , Xd) Q L be a minimal reduction ofX. Then 

oo 

ei (X) = J2x(K^(x,X)). 

n=l 

Proof. Consider for n € Z the modified Koszul complex C_(n,X) introduced 
in [5] as 

— > i2// n _ d — > (R/L n _ d+1 )ti) — > ► (i*/J n ) — > 0. 

with L n = R for n < and the differentials are induced by the differentials 
of the Koszul complex X = X. (x) . Then we get 

Hi (n) - (^W (7i - 1) + ••■ + (n - d) = ^(-1)^(^(67. (n,X))) 

Notice that A d Px(n) = e (X) and 

A d #x (n) = ^ (n) - ^V z (n - 1) + • • • + {-l) d H x (n-d). 
Therefore 

A d [P X (n) - H T {n)\ = e (I) - x(C.(n,Z)). 
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By Serre's Theorem [TJ Theorem 4.7.6] we have eo(X) = x{K)- Therefore 

A d [P X (n) - Hi (n)] = - x(C.(n,X)). 
Consider the exact sequence of complexes 

— > if (n) (x, X) — > if, (x) — »• C. (n, X) — > (1) 
Then from the exact sequence ([I]) we have 

X (if.)=x(^ (n) (x,X)) + x(C.(n,X)). 

Therefore 

A d [P x (n)-H x (n)] = X (K^(^l)). (2) 
From Proposition 2.9 of [6] it follows that 

oo oo 

ei (X) = ^A d [P x (n) -i?x(n)] = ^ X (^ (n) feX)). 

n=l n=l 

□ 

2. Applications of the Formula in dimension one 

In this section we explicitly write down the formula for the Chern number 
in one dimensional local rings as consequences of Theorem 11.11 As applica- 
tions we unify several results in dimension one. The next result was proved 
for Cohen-Macaulay local rings in [5]. 

Theorem 2.1. Let (R, m) be a 1- dimensional local ring and I be an m- 
primary ideal and X = {i n }nez be an I-admissible filtration. Let J = (x) C 
I\ be a minimal reduction. Then 

oo 

ei(X) = 5}A(I n /JI n _i) - A((0 : x) n I n -i)}- 

n=l 

Ln particular, if R is Cohen-Macaulay then 

oo 

(X) = ^A(/ n /J/ n _i). 

n=l 

Proof. From Theorem ll.il we have 

oo 

ei (x) = X>(^ (n) (2)) 

n=l 



where the complex K^ n \l) is given as 



o — ► / n _j A J n — > o. 



Note that 



and 



Hence 



H (K^(Z)) = I n /JL n _ 1 
iJ 1 ((^)(J)) = (0:x)n/ n _ 1 . 

oo 

ei(Z) = 5^[A(I„/JI n _i) - A((0 : x) n / n _i)]. 

n=l 

If i? is Cohen-Macaulay, then x is a regular element and so (0 : x) = 0. 
Hence we have 

oo 

ei 

n=l 

□ 

The next result is a deep theorem of Rees valid in any dimension. The 
proof given here in dimension one for admissible nitrations is new and 
straightforward. 

Theorem 2.2. Rees] Let (R,m) be a 1- dimensional local ring. Let I 
be an m-primary ideal and 1 = {I n }nez be an I-admissible filtration. Let 
J C l\ be a parameter ideal such that eo(J) = eo(I). Then J is a reduction 
ofX. 

Proof. Let J = (x) C I\. Consider the complex 

C (n, J,l): — > In-i/J 71 " 1 A I n /J n — ► 0. 

Let Hx/j(n) = X(I n /J n ) be the Hilbert function and Pi/j{n) denote the 
corresponding Hilbert polynomial. Note that 

A[Px/jW - H x/J (n)] = e (X/J) - X(H (C.(n, J,X))) + \{H x {CXn, J,X))). 
Since eo(I) = eo(J), eo(Z/J) = 0. Hence for large n we have 
\(H 1 (CXn,J,l)))-X(H (C.(n,J,l))) = 0. 

Notice that 

H (C.(n,J,l)) = -^- 
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and 

H l {C.{n,J,l))= i - Jn '-f n ^ In - 1 . 
Observe that (J n : x) = J n ~ l + (0 : x). Hence we have 

(J" : x) n J w _i J"" 1 + (0 : x) n J n _i 

jn-1 Jn-1 

(0 : x) n /„_i 



(0 : a?) n J n_1 

By Artin-Rees Lemma, 

(o : x) n /„ c Hl{R) n /„ = i„-„. (/„ n 

for some no and for all n > no- Since X(H^(R)) < oo, for large n we have 

In-n (In H H^(R)) = 0. 

Hence for large n, J n = JI n _\. Thus J is a reduction of X. □ 

Theorem 2.3. [8j Theorem 1.9] £e£ (i?, m) be a 1- dimensional Cohen- 
Macaulay ring and I be an m-primary ideal and I = {I Tl } n & be an I- 
admissible filtration. Let J = (x) be a minimal reduction of I. Then for all 
n > 1 

\{I n -i/I n ) < e {l) 

and 

\{I n -i/I n ) = e (l) if and only if I n = x/ n _i. 
Proof. Prom Equation ([2]) we have 

A[P x (n) - Hx(n)} = A(/ n /J/ n _ 1 ) 

which implies 

eo(X) " X(R/I n ) + \(R/In-l) = X(I n /JIn-l). 

Thus we have A(J n _i// n )+A(J n /JJ n _i) = e Q (l). Hence X(I n -i/I n ) < eo(I) 
for n > 1 and equality holds if and only if J n = JI n _\. 

□ 

Theorem 2.4. [3 Theorem 2.1] Let (R, m) 6e a 1-dimensional Cohen- 
Macaulay ring and I be an m-primary ideal and T = {I n } n ez be an I- 
admissible filtration. Assume that 

e 1 (l) = e (l)-X(R/h). 



Then 

(1) Hi(n) = Px(n) for all n > 1. 

(2) // (x) is a minimal reduction ofZ then I n = xl n -\ for all n > 2. 

Proof. From Theorem 12.11 we have e±(I) = A ( I n j JJ w _i) . Since 

n>l 

ei (X) = e (X) - \(R/h) = \(R/J) - \(R/h) = X(h/J), 
we get ^^A (I n / JIn-i) = 0. Hence I n = JI n ~\ for all n > 2. From Equation 

n>2 

([2]) we have 

A[Pr(n) - H x (n)] =0 

for n > 2. Hence 

Px(n) - H x {n) = P x {n - 1) - H x {n - 1). 

Notice that 

Px(l) - Hx(l) = e (X) - ei(Z) - A^/Ii) = 0. 
Hence H%(n) = Pj(n) for all n > 1. □ 

Theorem 2.5. |12( Proposition 3.2] Let (i?,tn) 6e a 1- dimensional Cohen- 
Macaulay ring and I be an m-primary ideal. Assume that 

ei(/) = e (I)-A( J R/J) + l. 

Then 

(1) flj(n) = P/(n) /or a// n > 1. 

(2) // (x) is a minimal reduction of I then X(I 2 /xI) = 1 and J 3 = xl 2 . 
Proof. From Theorem 12.11 we have ei(J) = ^^A ( ~Jjn~Z\ j • Since 

71=1 ^ ' 

ei(J) = e (J) - A(i?/J) + 1 = A(i?/J) - A(i2/J) + 1 = A(//J) + 1 
we get 

^Xir/jr^ 1 ) = 1 and A(/ 2 /«//) = l and I 3 = JI 2 . 

n>2 

From Equation ([2]) we have A[Pj(n) — Hj(n)] = for all n > 3 and 
X(I 2 /xI) = 1. Note that 

Pj(re) - i//(n) = P/(n - 1) - ifj(n - 1) 
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for all n > 3 and 

Pj(2) - Hj(2) = Pj(l) - Hj(l) + 1 = e (J) - ei(J) - A(i?/J) + 1 = 
Hence Hj(n) = Pi(n) for all n > 1. □ 

3. Applications of the Formula in dimension two 

In this section we derive the formula for the Chern number in dimension 
2 as a consequence of Theorem 11.11 and as an application derive Huneke's 
fundamental Lemma. 

Proposition 3.1. Let (R,m) be a 2- dimensional local ring and let J = 
(x,y) be a parameter ideal. Let J = {J n } be Q> J -admissible filtration with 
depth G(J) > 1 and x* G J\jJi be a nonzerodivisor in G(J). Let K( n \j) 
be the subcomplex of the Koszul complex K.(x,y) defined as : 




Then 



Jn-2 (Jn-l) 2 — ^ Jn — > 0. 



{x)J n - 2 

Proof. In order to calculate the first homology of the above complex we 
calculate ker g n and image f n . 

keig n = {(a, b) G ( J„_i) 2 | -ax + by = 0} 
= {(a, b) G ( J n -i) 2 | ax = by} 

Observe that ker g n = (x : y) n J n -\ through the map (a, b) i— )■ b. Indeed, as 
x is a regular element, for each b G (x : y) there exists a unique a G R such 
that ax = by and since x* is G(J')- regular J n : x = J n -i for all n > 2, so 
a G J n -\- Thus kerg n = (x : y)nJ n -\. Notice that image f n = {(cy,cx)\c G 
Jn-2}- Since image f n C ker^ n , we have image f n = (x)J n _2. Hence 

(n)/^^^ ~ : y) fl J n _i 



□ 
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Theorem 3.2. Let (R,m) be a 2- dimensional local ring and J = (x,y) be a 
parameter ideal. Let J = {J n } be a J -admissible filtration and depth G(J~) > 
1 and x* 6 J1/J2 be a nonzerodivisor in G{J). Then 

\x:y)f] J n _i" 



n>l L V JJ n-l 



A 



(x)J n _ 



Proof. By Theorem ll.il we have 

ei(^) = E^ (n) ^))- 



n>l 



Notice that 



and 



H {K^{J)) = J n /JJ n . l 



H 2 (K^(J)) = (0:J)nJ n . 2 . 



Since depth G{J) > 1 and x* is a nonzerodivisor so x is a nonzerodivisor 
and hence H2(K) = 0. Therefore H2{K^ n \j)) = for all n. By Proposition 
13.11 we have 

H x {K^\j))^ {x \ y) ^ Jn -\ 



Thus 



ei 



G7) = £ 



n>l 



JJn-1 



(x)J n - 2 

(x : y) n J n _i 



A 



(re) J, 



n-2 



□ 



Corollary 3.3. Lei (i?,m) 6e a 2-dimensional analytically unramified local 
ring and J = (x,y) be a parameter ideal. Then 



ei(J) = E 



n>l 



A 



JJ 



n-1 



A 



(x : y) n J 



n-l 



(x)J' 



n-2 



where J denote the integral closure of J. 



Proof. Since R is analytically unramified, J = { J n } is a J- admissible filtra- 
tion and by [9j Theorem 3.25] depth G(J-) > 1. Hence by Theorem 13.21 we 
are done. □ 



Next we derive Huneke's Fundamental Lemma for /-admissible nitrations. 
For this purpose we need the following Lemma. 
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Lemma 3.4. O Lemma 3.2] Let (P,m) be a d- dimensional local ring. Let 
I be an m-primary ideal and I = {/ n }nez be an 1 -admissible filtration. Let 
x\, . . . ,x d be elements of I\. Consider the complex C.(n,X) 

— > R/I n . d — ► (R/I n . d+1 )(t) —> > R/I n —> 0. 

Then for n € Z, the following hold: 

/i \ T_r I r* /„ t\\ (Ai— d+l '• { x li ■ ■ ■ i x d)) 

(!) H d {C.{n,l)) = . 

J-n-d 

(2) H (C.(n,l)) = R/(I n + ( Xl ,...,x d )). 

(3) if xi, . . . , x d is an R-regular sequence then 

Fi(C.(n,X)) = — . 

. . . ,X d )l n -l 

Proposition 3.5. [3 Fundamental Lemma 2.4] Let (P, m) be a 2- dimensional 
Cohen- Macaulay local ring and I be an m-primary ideal and I = {I n }n& be 
an I-admissible filtration. Let J = (x,y) be a minimal reduction ofZ. Then 
for all n > 2 

'In-l ■ ^ 



1) A 2 [Px(n) — Hx{n)\ = A — — — — A 



J In-l) V In 



-2 



In \ ^ ( Ifl—l ■ I 



'n-2 



(2) ei (X) = eo(2) - A( J R// 1 ) + Wa (-£-) 

n>2 L \ n 1/ 

Proof. Prom Equation ([2]) we have 

A 2 [P I (n)-F I (n)]= X (^)(X)) 

where PT( n )(I) is the complex 

— ► I n _ 2 — ► (/„_i) 2 — ► J„ — ► 0. 

Note that H (K( n \l)) = I n /JI n -i and H 2 {K {n \l)) = (0 : J) n J n -2 = 
as P is Cohen-Macaulay. From the exact sequence of complexes ([1]) we get 
the long exact sequence 

— ► H 2 (K^(1)) — ► H 2 (K) — > H 2 (C.(n,l)) — ► 
— ► H X {K^){X)) — > P^P.) — > H^CXn,!)) — ► 

Since P is Cohen-Macaulay Pi (P.) = P 2 (P.) = 0. Thus 

Pi(PT (n) (P)) = H 2 {C.{n,l)) = In ~ l : J (by Lemma [3 
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A 2 [P x (n) - H x (n)] = X 



Hence 



Now from Theorem ll.il we have 
e l (l) = e (l)-\(R/h) + J2 

n>2 



Jin- 



Jln- 



In-1 ■ J 



In-1 '■ J 



Ln-2 



□ 
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